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A.  APPENDIX ON NOTATION
In order to be consiétent with both the timelike and spacelike

conventions.on signatute, I have taken the Minkowski metric to be

.nuv = diag(S, -5 , =5, -5 )s o 7 (1)

where $ = +1 for the timelike comvention and $ = -1 for the spacelike
convention. All other sign conventions and conventions on index positions
- are those of Misner, Thorme and Wheeler [1973].

Unless otherwise noted, latin indices refer to a coordinate basis,

9 ='§"'"" s dxa’ ' . . (2)

while Greek indices refer to either an arbitrary basis or -an orthonormal

basis;
e =g 3 , B =108 dx . : B )]

. o . o
The wveetor bhasis, e, and the 1-form basis, 8 are dual. Hence the matrices

a o .
ea and © a are inverses:

67 e =68 , e 6 =§ . _ 4)

The coordinate components of the metric, g,y are related to the

components in an arbitrary frame, gaB’ by the formulas

o B a b

gab = gGB s a e b’ gas = ea es gab_. (5)
. . . be . By _.
Contracting equation (5a) with g ~ and (5b) with g ', yields
C _ L0 B be Y o_ a' yR b
.= %, Eap S p 8 8,7, 8 ®s  Bpa’ (6
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Comparison with equations {(4) shows that

c B bec Y _ Y8 _ b
o gO‘-B e b g 3 e - g eB gba‘ (7)

Taking the determimant of equation (5a) yields

Y .2 - .
=8 o , /g=7/-F% o], - (8)
where
g = det Bp ° B det &8 6))
6 = det 8% = (det e 3L ‘ (10)
a o *

I éssume that the coordinate basis 3a is oriented so that the volume

element is

Y a b € d
n = 5% nabcd dx A dx A dx A dx
- /% %, an

where Mobed is the totally antisymmetric tensor with

o123 = g . ' ' (12)

If the basis e, is oriented, so that

& >0 s '_é = i"ﬁ 6, - (13)
then the volume element may be written as

1 o B

S
= — A
2% Tagys 0 MO

Aol A

]

VE6® Aot Ao” Ao

= V=g 9 d4x . (14)
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If the basis e, is orthonormal as well as oriented, so that

gOLB = nGB = diag(s. s ~3 5, =5 4 =5 )9

g = -1, =8 , _ (15)

then the volume element may also be written as

N = 6% A e1 A B2 A e3

o d*x. ' (16)

, . ) . a
For an arbitrary basis, e’ the commutator functions, ¢ By’ are

defined by

_a
[eB, ey] = ¢ By e, ) (17)

_ and therefore satisfy

o _ @, ¢ _
c By 9 b(eB acey eY.Bce6 }

o b
B

c o a .
e, (BCG b Bbﬂ c) . : (18)

Thé commutator functions, Cagy’ are also called the object of anholonomity
since they measure the amount by which the basis, e, is not a coordinate
{or holonomic) basis.

For an arbitrary covariant derivative, vV, the connection coefficients,

e s . . . .
T Ey? in an arbitrary basis, ea, are defined by

vV e =T% e . (19)

. R . - a
In particular, the coordinate components of the connection coefficients, T

are defined by

V. o, =T 2 . (20)

bec

L]
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These are related to I'® by

By

o] v b c La o c a

T = +

T gy B a % & T be 9 a eY aceB y ‘(21)

a a B ¥ v} a o

= + 3

T e =% 848 . P_BY e, 3.0 . . €22)

:If e, is an orthonormal frame, then the connection coefficients, raBY s

are also called the Ricci rotation coefficients. I also find it useful

to introduce the mixed components of the connection coefficients, Tasé,
which are defined by
o ' .
VB eB =T ge e, - (23)
d
' a |
These are related to T and T by
By be
o c o
T = T .
By eY Be? (24)
o Y L0
=8
Tae =8¢ Tgy o (25)
a _ _a . B _u a o
Tpe =% T Be *ey ace b’ (26)
o o b La a a
T =0 e, T +6 D e (27)
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The torsion temsor, Q, of the connection, V, is the vector valued

cperator

7.X - [X,Y] .-

QXYY = V¥ - 7y (28)
Its compopents in an arbitrary basis, ea, are
QfBY - o Qeg.e) )
=TT Tey TSy (29)
- Bb raYb _ eYc Pusc + eBb eyc(abeuc _ aceab) (30) -
In particular, the coordinate components are
Qe = dx7( Q(3,3) )
= raqb - rabc (31)
=e? (8", rdYb - eﬁb r“Sc +9,.0% -2 6%) RE
The mixed components of the torsion are defined as
Q% = 8% Qa2 ) )
= 80La (Pacb - I16113':'.) (33)
= o7 ?avb - esb FuBc +2.8% - 6% (34)

If Q = 0, then

the connection is called torsion-free. Since by (31), the

: . . \ a .
coordinate components of a torsion-free connection, T be® are symmetric

in b anéd c, a torsion-free commnection is also called a symmetric connection.
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In an arbitrary basis,.eu, the covariant derivative of the metric is

8 &
vyguB VY r ay 8§~ r By Zas ° (35)

In particular, the cocrdinate components are

d d

VB T %Bap T T ac Bap T T pe Bag? (36)
and the orthonormal components are
) 8
v =-T -1 . 37
vBag ay 8B gy Eas ( _)

The mixed components of the covariant derivative of the metric are

defined as

L 8 8
chaﬂ - acgas - T ac gSB r Bc Bus? (38)
- which for orthonormal frames becomes
_ b S
chaﬁ =-T ac gGB r Bc Bas ° _(39)

If Vg = 0, then the connection is called metric-compatible or metric or

compatible with the metric. The condition Vg = 0 is calle&'the metric—

compatibility condition. If there exists a 1-form, A = Ay Y = Acdxc,

such that
Tg =-xx g _ (40)
Yol 2 "y "ap’ :

then the connection is called Weyl-compatible or semi-metric. The con-
dition (40) is called the Weyl-compatibility condition and the 1-form A

is called the Weyl potential. Some authors use a different numerical

factor in (40). I use - %- so that KY comes out as the trace, AY = 3

of the édefect tensor, defined below.

[+
A
By’

s

ay
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. ' . i . '
The connection coefficients, T By in an arbitrary frame, e,s can be

expressed in terms of the partial derivatives of the components of the metric

' : . - o . - a
e5gBY’ the commu;ator functions, c58Y f 850 © By’ the torsion Q58Y 50 Q gy >
“and the’ covariant derivative of the metric, VégBY:
ol 1 ad ‘
ey 7 8 (eghsy “yBsp ®s8gy)
1 ad '
t58 (egey Toysp T Copy )
.1 wd
= +
T2 (QBSY QYSB QGBY )
-2 g Vg, - TsBe) (41)
-2 B=dy Y-8 §=Ry” * )

This formula is derived by substituting equation (29) for Q and equation
(35) for Vg into the right hand side of (4l). Notiée that the index pattern
is the'same on each line and that the signs are the same on each line except
for the overall minus on the last line.

The unique metfic—coﬁpatible and torsion~-free connection is called the

Christoffel connection and has the connection coefficients

1 _
{QSY} - E-gas(esgﬁv * e Bsg T S58g,)
1 ad,
+ 5 & (cﬁﬁY + CY5B - CSBY ). 7 (42)

(Note that many authors use the symbol {GBY} only when the basis is a
coordinate basis. I use it for an arbitrary basis.) The metric-compatibility

condition says

§
ay

- {8 b+ gyl

Basl gy 8 | (43)

o
vEag
while the torsion-free condition says

o o
= - )
S gy { YS} { syl _ | (44)
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Thus in an orthonormal basis, gma{‘S Y} is antisymmetric in o and 8. On

B

. - a . . .
the other hand, in a coordinate basis { bc} is symmetric in b and e.

The collection of terms,

{e)® =1 g"

By 2 + ¢ - C

ooy * “yop ) (42

SRy

.measures- the amount by which the basis, e is not a coordinate (or

.holonomic) basis and so might be called the anholonomity symbol to dis-

tinquish it from the object of anholonomity which is c®  itself.

Equation (45) may be inverted to give

a o o
= - ] 4
gy {c} V8 {c} By (46)
The colleection of terms,
. o B !-— uﬁ _ . 7

measures the amount by which the basis, e, is not an orthonormal basis
(or at least the amount by which the compoﬁents of the metric, gBY’ are
non-constant) and so might bé called the anormality sy@bol, while eﬁgBY
might be called the object of anormality. Equation (47) may be inverted

to give

e 8-~ {eg}usY + {eg}BuY' (48)
Combining (42), (45) and (47) shows that the Christoffel symbol,

c - a + La : '

A G P | o o)

is the sum of the anholonomity symbol and the anormality symbol.




-

The difference between a general connection, Fasy, and the

Christoffel connection,_{aBY} , is the defect tensor,

[+ ___‘U. __0!
A By r By t EY}

1 ad . o

1

which may itself be decomposed as the sum,

a o 43

of the negative of the contorsion tensor,

o _ _ 1 -
Koy =78 gy ¥ Qg = Qg

and the negative of the non-metricity tensor,
= %_gaﬁ(v

By s8sy-+ VyBsg ~ vngY)'

Equations (52), (53) and (54) may be solved for

ngaB T MGBY * MBQY s laBY - kBuY ‘

ad A
"7 8 (gBsy * ViBgp ~ VsBg) s
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(50)

(51)

(52)

(53)

(54)

(55)

(56)

Combining (49), (50) and (52) shows that a general connection may be

written as

By BY} + A By

a a i _
{egl} ey + {c} gy~ K M

By By °

(37)

(58)
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({\ A metric-compatible connection with arbitrary torsion is called a

Cartan connection. Thus a Cartan connection satisfies

VngY =0 , M By = 0, . N {59}
a o 1 ab

= - = - -+ - .
A By K gy 2B (QBSY QY5B ' QGBY) (60)

A torsion-free Weyl-compatible connection is called a Weyl commection.

Thus a Weyl connection satisfies

=0 b4 K = G 3‘ | 61
ey By _ (61)
: - -1 . _ .8
VGEBY =2 8oy A A Ra ° (62)
0 (6] . 1 o o o
. s A = oen = — X 6 + l - A :
L oy T " My T 7w gy T A T Mgy (63)

A Weyl-compatible connection with arbitfarj torsion is called.a
Weyl-Cartanrconnection. A connection with arbitrvary torsion and arbitréry
covariant dgrivative of the metric is referred to as a general connection.
To be generic, I use the term full cbﬁnection to refer to any connection
(other than the Christoffel connection) which may have sbme set of res-
trictions on the torsion and the covariant derivative of the metric which

I do not care to sﬁecify.

:-/’—‘-"
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The full Riemann curvature tensor, ﬁ, of the full connection, vV, is

the vector valued operator

R(X,?)Z = VW42 - Vg = Vg 12 - | (64)

Its components. in an arbitrary basis,_eu, are

A0
R
ByS

]

6% ¢ ﬁ(eY, egdeg )

o e 1_,(1 + I,0‘. I,E - 1.,0'._ PE - CE I.G

=e s % gy T ey Togs &8 T gy

(65)

In particular, the‘coordiﬁate components are

ped = 9X CRGL 3503, )
a a a _e a e
=3 T "% e Tl ee Tbda " Tea Mobe (66)

The mixed components of the full curvature are defined as

A0,
R Bed

It

8%( ﬁ(ac, 3) )

4’

o _E
aTge (67)

. [+ o o [}
8T 8a " % ge T T ec T pa

By contrécting the full Riemann curvature one obtains the full Riceci
curvature (asymmetric),
Ro=R,  —efedd

s~ Rpys T % % Roged . (68)

the full scalar curvature,

~ g »
R=g" Ry, (69)

and the full Einstein curvature (asymmetric),

A _ ~ i . A
Ggs = Bgs ~ 7 Bgg R (70
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I have put a caret (") over the full curvature temsors to distinguish
then from the corresponding quantities for the Christoffel connection which
carry a tilde (). Thus in an arbitrary basis, e, the Christoffel Riemann

curvature has the components

~q _ a _ o . € - e £ _ A Qo
R 'EY{BS} e5{BY}+{€‘Y}{ I S A T . 1.

BYS B&™ . ed By v8 ° Be

. (71)
Tn a2 coordinate basis, the components are

~a _ a _ a a e s e
Ryed = 3c{ bd} Bd{ hc} + { ec} { bd} { ed} { bc} . (72)
Finally the mixed components are
=0 _ o L o € _qa €
Hgea = 2al"gad = 21"t + et aed - g Cpo - 73)

The Christoffel Ricci curvature (symmetric) is

' e dszy

isa =R s me e R, (74)
The Christoffel scalar curvature is
R-g Ry, - (75)
and the Christoffel Einstein curvature (gymmetric) is
& =R, -+g . R (76)
gé B 2 "RS




